Abstract. Cosmological weak lensing has been a highly successful and rapidly developing research field since the first detection of cosmic shear in 2000. However, it has recently been pointed out in Yoo et al. that the standard weak lensing formalism yields gauge-dependent results and, hence, does not meet the level of accuracy demanded by the next generation of weak lensing surveys. Here, we show that the Jacobi mapping formalism provides a solid alternative to the standard formalism, as it accurately describes all the relativistic effects contributing to the weak lensing observables. We calculate gauge-invariant expressions for the distortion in the luminosity distance, the cosmic shear components and the lensing rotation to linear order including scalar, vector and tensor perturbations. In particular, the Jacobi mapping formalism proves that the rotation is fully vanishing to linear order. Furthermore, the cosmic shear components contain an additional term in tensor modes which is absent in the results obtained with the standard formalism. Our work provides further support and confirmation of the gauge-invariant lensing formalism needed in the era of precision cosmology.
Introduction
The potential of cosmological weak lensing, the deflection of light from distant sources by the largescale structures of the universe, as a powerful cosmological probe was already recognized by theorists over half a century ago (see [1] [2] [3] [4] for early work). However, a few more decades had to pass until our observational tools were sufficiently developed to measure these extremely subtle effects. In 2000, the measurement of a cosmic shear signal was reported by four independent groups ( [5] [6] [7] [8] ). These first observations immediately sparked great interest within the scientific community. Numerous improved observations followed soon, and cosmological weak lensing has established itself as one of the most successful and promising research fields in cosmology (see e.g. [9] [10] [11] [12] for reviews).
With the next generation of weak lensing surveys, referred to as stage IV, this research field will reach its next important milestone: The ground-based observatory Large Synoptic Survey Telescope (LSST; [13] ), and the space-based missions Wide Field Infrared Survey Telescope (WFIRST; [14] ) and Euclid [15] will together cover a large fraction of the sky and measure the shape of roughly a billion galaxies with unprecedented precision. These future observations are expected to play a major role in understanding mysteries of the universe such as the nature of dark energy. However, with the high precision and the vast amount of data provided by these surveys, the scientific community is confronted with the challenging task of accounting for all sources of uncertainties to avoid false conclusions. A review of systematics in cosmic shear measurements and their theoretical interpretation which need to be brought under control to ensure the credibility of potential new findings can be found in [16] .
In addition to these well-known issues, there are even more fundamental problems in the theoretical framework for cosmological weak lensing, as was pointed out recently in [17] . The standard formalism used to describe cosmological weak lensing effects yields gauge-dependent results for the observables, i.e. the convergence, the cosmic shear and the rotation. As different gauge-choices are physically indistinguishable, observable quantities have to be gauge-invariant. This discrepancy clearly shows that the standard cosmological weak lensing formalism fails to correctly account for all relativistic effects contributing to the lensing observables, and thus, conclusions based on this formalism might not be accurate.
To some extent, flaws in the standard weak lensing formalism have already been known before. Cosmological studies measuring the magnification effect of weak lensing in fact do not measure the convergence κ, which characterizes the magnification in the standard formalism, but the distortion in the luminosity distance δD. The convergence itself is neither a gauge-invariant nor an observable quantity. One of several possibilities to calculate the luminosity distance in a perturbed FLRW universe is to apply its relation to the Jacobi map, which was first done by C. Bonvin, R. Durrer and M. A. Gasparini in 2006 [25] . Although, since then, this method was applied in various other works (see e.g. [26] [27] [28] [29] [30] [31] [32] ), a proof of its gauge-invariance has not been performed so far. In this work, we will prove that the Jacobi mapping formalism indeed yields a gauge-invariant expression for the distortion in the luminosity distance. To this end, we keep all ten degrees of freedom of the perturbed FLRW-metric and work with gauge-invariant perturbation quantities.
Furthermore, we will show that the Jacobi mapping approach can be used to calculate gaugeinvariant quantities for the cosmic shear and the lensing rotation, similarly to the calculation of gaugeinvariant distortion in the luminosity distance δD which replaces the convergence κ the standard formalism. The idea to extend the Jacobi mapping approach to determine the cosmic shear components in addition to the luminosity distance was already applied in [26] , where linear order expressions coinciding with the results of the standard formalism were obtained. Moreover, this method was applied in [29] for second order calculations of the shear components. However, the calculations in these papers have been performed only in the Newtonian gauge for scalar modes. When tensor modes are included, we will see that the Jacobi mapping approach yields results for the cosmic shear and the rotation which are in disagreement with the standard formalism. This paper is structured as follows: In Section 2.1-2.2, we introduce basic notations and discuss fundamental concepts such as the local orthonormal tetrads. These tetrads are the link between the global frame described by a FLRW-metric through which the light propagates and the local frames of the source and the observer. They are, as we will discuss, vitally important to correctly describe weak lensing effects and avoid gauge dependencies. In Section 2.3, we will briefly summarize the standard weak lensing formalism and its gauge issues. Section 3 is the main part of this work, dedicated to establishing a precise cosmological weak lensing formalism based on the Jacobi map. We will describe how the physical lensing observables can be calculated to arbitrary order by introducing an accurate definition of the distortion matrix, ensuring that all steps of the Jacobi mapping formalism are rigorously justified. Furthermore, we will explicitly perform the linear-order calculations for the lensing observables including all scalar, vector and tensor modes and compare our results to those of the standard formalism. Finally, we will summarize and conclude our results in Section 4.
Preliminaries
In this section, we first introduce in Section 2.1 our convention for the perturbed FLRW metric and the gauge-invariant variables for the metric perturbations that will be used in this paper. In Section 2.2, we introduce the local orthonormal tetrad basis, and describe how it is used to obtain the expression of the photon wavevector in FLRW coordinates from its observed value in the local observer frame. We also introduce the conformally transformed metric, which is used to significantly reduce the complexity of the Jacobi mapping formalism in Section 3. Finally, in Section 2.3 we briefly review the standard weak lensing formalism and its gauge-issues which were pointed out in [17] .
Perturbed FLRW metric and gauge-invariant variables
The calculations in this paper are performed in a perturbed FLRW metric,
where τ is the conformal time and a(τ ) is the expansion scale factor. Note that we use µ, ν, ρ, . . . to represent the 4-dimensional spacetime indices, and α, β, γ, . . . to represent the 3-dimensional spatial indices. The metric perturbations can be decomposed into scalar, vector and tensor perturbations:
where the vector perturbations B α , C α are divergenceless and the tensor perturbation C αβ is tracefree and divergenceless. In a perturbed FLRW universe, the 4-velocity u µ of timelike flows (u µ u µ = −1) also differs from its background valueū µ = 1/a (1, 0, 0, 0):
where the vector perturbation U α is divergenceless. Under a gauge-transformation induced by the coordinate transformation x a → x a + ξ a , where ξ a = (T, L α ) and L α ≡ L ,α + L α , the perturbation quantities transform as:
From this, we infer that the following combinations of the perturbation variables are gauge-invariant:
where χ ≡ a(β + γ ′ ) is the scalar shear which transforms as χ → χ − aT , and v ≡ U + β is the scalar velocity which transforms as v → v − T . For future reference, we also define G α = γ ,α + C α , which transforms as G α → G α − L α . The weak gravitational lensing quantities derived in this paper will be written fully in terms of the gauge-invariant variables given in (2.5) and the gauge term G α . Their gauge-transformation properties will thus be immediately evident.
Orthonormal tetrads and perturbations of the photon wavevector
Photons emitted by some distant light source travel through the universe on null geodesics, defined by the geodesic equation k µ k ν ;µ = 0 and the null condition k µ k µ = 0, where the semicolon denotes the covariant derivative with respect to the metric g µν . The tangent vector k µ is given by k µ ≡ dx µ (Λ)/dΛ, where Λ is an affine parameter of the photon path. When these photons reach our observer position at some affine parameter Λ o , we measure the photon wavevector
where ω o is the angular frequency and n i is the observed photon direction. However, this measurement is performed in our local rest frame (or local Lorentz frame), described by the Minkowski metric η ab , and not in the global frame described by the perturbed FLRW metric g µν . Note that, to distinguish them from the global FLRW coordinates, we use latin indices for the components in the local frame, where a, b, c, . . . represent the 4-dimensional spacetime components and i, j, k, . . . the 3-dimensional space components.
The relation between the global frame and the local Lorentz frame of an observer with velocity u µ is described by the orthonormal tetrads e µ a which transform the global into the local metric,
(2.6)
Additionally, we require that the timelike tetrad e µ 0 coincides with the observer 4-velocity, e µ 0 = u µ . A vector A a (e.g. the photon wavevector k a ) measured in the local observer frame can thus be transformed to FLRW coordinates as
This transformation property is of fundamental importance to properly describe cosmological weak lensing observables. The concepts of the size and shape of an object, which are affected by gravitational lensing, are defined not in the global spacetime manifold described by the FLRW metric g µν , but in the local Lorentz frame of the source. Hence, we need to transform the quantities of interest into the local Lorentz frame. The property in equation (2.6) does not uniquely define the tetrad basis. As described in [17] , we need to additionally take into account that the tetrads e µ i are four vectors in the FLRW frame, i.e. transform as vectors under a coordinate transformation. Hence, using the notation of Section 2.1, their gauge-transformation property is given by
The properties in equations (2.6) and (2.8) are fulfilled by
where Ω j denotes the spatial orientation of the local frame. Note that because of the gauge-transformation property stated in equation (2.8) , the antisymmetric component
βj Ω j of the tetrads is non-vanishing. By applying the previous equation, we can now derive the expression for the photon wavevector k µ o in FLRW coordinates,
where we require that the photon wavevector k a e µ a is equal to the tangent vector k µ = dx µ (Λ)/dΛ, which uniquely fixes the parameter Λ along the geodesic. We emphasize that the relation given in equation (2.10) is valid only at the observer position since the photon direction n i (Λ) measured by a comoving observer at an affine parameter Λ = Λ o will differ from n i by a first-order quantity.
To simplify further calculations, it is useful to express k µ in the conformally transformed metriĉ g µν defined by a 2ĝ µν = g µν . As described e.g. in [19] , null geodesics are invariant under conformal transformations. The photon path x a (Λ) is thus unaffected. However, the affine parameter Λ is transformed into another affine parameter λ, dΛ/dλ = Ca 2 , where the scale factor C is unspecified. The conformally transformed wavevector at the observer positionk µ o is given bŷ
where 2πν ≡ ω and n α ≡ n i δ α i . We fix the factor C by requiring that at some point of the photon path specified by the affine parameter Λ p we have 2Cπν p a p = 1. Since the factor 2πνa is constant in an unperturbed FLRW universe, this choice of C enables us to define the perturbation variable ∆ν as 2πνa ≡ 1 + ∆ν, where our choice of normalization is ∆ν p = 0. The perturbation variables δν and δn α for the photon wavevector can be defined aŝ
where
The wavevectork µ differs from (1, −n α ) by a first-order quantity at any point of the light path, i.e. the quantities δν and δn α are well-defined. Equation (2.13), which is valid only at the observer position, serves as the boundary condition.
Standard weak lensing formalism
The observed source positionx µ s of a light source observed at redshift z and angular direction (θ, φ) is given byx µ s = (τ z ,r z sin θ cos φ,r z sin θ sin φ,r z cos θ) , (2.14) where the temporal and radial coordinates are related to the redshift bȳ 15) and the photon path is parametrized by the conformal time, λ z =τ z −τ o = −r z . In our real universe, however, the geodesic on which the photons travel differs from the perfectly straight path due to gravitational lensing, which causes a distortion δx µ s in the source position:
For future reference, also note that the affine parameter λ s ≡ λ z + ∆λ s and the redshift of the source are distorted, where we define the redshift distortion δz as
To linear order in perturbations, the spatial source position can be written as
where n α ≡ n i δ α i is the photon direction measured in the local rest frame of an observer at Λ o , and θ α ≡ θ i δ α i and φ α ≡ φ i δ α i are two directions orthonormal to it,
In this paper, the quantities n α , θ α and φ α always refer to the directions defined at Λ o unless another affine parameter is specified, i.e.
The distortion of the photon path affects not only the source position, but also the observed size and shape of the image. This effect is quantified by the distortion matrix D I J , I = 1, 2, which is also referred to as the amplification matrix. In most literature on gravitational lensing D I J is defined as the 2 × 2-dimensional projection of the Jacobian matrix of the mapx α s → x α s onto the plane orthogonal to the observed photon direction n α , hence 20) where θ I = (θ, φ) and β I = (θ + δθ, φ + δφ). For the geometrical interpretation of the distortion matrix, consider two light rays coming from the same source observed at an infinitesimally small angular separation ∆Φ I = (∆θ, sin θ ∆φ) and redshift z. The observed spatial separation of the source is, hence, given byξ I s =ā srz ∆Φ I . The Jacobian matrix of a map relates infinitesimal separations to each other, i.e. we can write the distortion matrix D I J as
where ξ α s = x α s (θ + ∆θ, φ + ∆φ) − x α s (θ, φ) is the separation of the FLRW coordinates at the source position. Note that in the standard formalism, the redshift distortion δz and the distortion δr of the radial coordinate are ignored.
The distortion matrix can be decomposed into a trace, a traceless symmetric component and a traceless anti-symmetric component, 22) where κ is the convergence quantifying the magnification of the image, γ 1 and γ 2 are the shear components quantifying a distortion in shape, and ω is the rotation. Following the definition of the distortion matrix given in equation (2.20) , these quantities can be inferred from the expressions for δθ and δφ. The true source position x α s and hence the angular distortions δθ and δφ can be obtained by integrating the photon wavevectork µ = dx µ (λ)/dλ from the observer position to the source position at the perturbed affine parameter λ s ≡ λ z + ∆λ s .
In most weak lensing literature, these calculations are performed considering only scalar perturbations and applying a certain gauge, most commonly the Newtonian gauge. To test the standard weak lensing formalism for gauge-invariance, Yoo et al. have calculated the expressions for κ, γ 1 , γ 2 and ω resulting from the definition (2.20) without fixing a gauge condition and also including vector and tensor modes [17] . They obtained
and
for the shear components. For the convergence, the standard formalism yields 25) where ∇ α and ∇ 2 denote the angular gradient and the angular Laplace operator (see Appendix B.2). Finally, the result for the rotation is
where Ω n o = n i Ω i o at the observer position. These expressions are arranged such that the gaugeinvariant terms are isolated from the gauge-dependent terms, i.e. those with G α s . From this, it is immediately evident that none of the expressions obtained for γ 1 , γ 2 , κ and ω in the standard formalism are gauge-invariant. This is a blatant contradiction to the fact that observable quantities such as the cosmic shear can not depend on physically indistinguishable gauge choices. Therefore, the standard formalism does not capture all physical effects contributing to the cosmic shear and is unsuitable for high-precision cosmological studies.
The gauge-dependence of the expression for ω is also problematic. Several groups have argued that, although the magnitude of this effect is under debate, the rotation contributes to the B-modes of the CMB polarization power spectrum [21] [22] [23] [24] . Furthermore, it was proposed that the rotation could be measured in galaxy surveys by including the polarization information of the galaxy radio emission [20] . Therefore, although it has not been measured yet, the lensing rotation is a physical observable and its gauge issues need to be clarified. Yoo et al. concluded that the rotation is in fact fully vanishing for scalar, vector and tensor modes to linear order [17] . We will confirm this result in the next section.
For the convergence κ, it has already been pointed out that it is neither an observable nor a gauge-invariant quantity. Magnification effects in weak lensing are in fact quantified by the distortion in the luminosity distance δD, which is a gauge-invariant quantity closely related to the convergence [18] . One of several possibilities to calculate δD is to apply its relation to the Jacobi map presented in [33] . However, this method has so far not been tested for gauge-invariance. In the next section, we will show that the Jacobi mapping approach indeed yields a gauge-invariant expression for the distortion in the luminosity distance and that, similarly, it can be applied to calculate gaugeinvariant expressions for the shear components and the rotation.
Jacobi Mapping Approach for Cosmological Weak Lensing
In this section, we prove that the Jacobi mapping approach provides a precise and gauge-invariant cosmological weak lensing formalism which accounts for all relativistic effects. In Section 3.1-3.2 we thoroughly investigate the fully non-linear Jacobi mapping approach, paying particular attention to the subtleties of the formalism such as the discrepancy between the comoving velocity of the source and the comoving velocity of the observer parallel-transported to the source position. In Section 3.3-3.5, we present the linear order results of the Jacobi mapping approach for the cosmological weak lensing quantities including not only scalar, but also vector and tensor modes. In particular, Section 3.5 contains a discussion of the lensing rotation, which, somewhat surprisingly, is fully vanishing to linear order. The results presented here are written fully in terms of gauge-invariant variables, which makes this work to the best of our knowledge the first proof of gauge-invariance of the Jacobi-mapping approach. Furthermore, our results coincide with those in [17] , where the cosmological weak lensing quantities were derived with another method based on solving the geodesic equation for the two nearby light rays instead of solving the geodesic deviation equation.
Jacobi Mapping Formalism
Consider two nearby light rays that are emitted from an infinitesimally extended source at an affine parameter Λ s and converge at the position of an observer at an affine parameter Λ o , where they are observed to have a small angular separation ∆Φ I = (∆θ, sin θ∆φ). The vector ξ µ (Λ) describes the physical separation of these rays evaluated at an affine parameter Λ. In a perfectly homogeneous universe described by the FLRW metric the photons travel on straight paths, and the separationξ µ s at the source position can be inferred from the observed angular separation ∆Φ I and the observed redshift z, i.e.ξ µ s =ā srz (0, ∆θ
where the scale factorā s and the radial coordinater z are determined by the observed redshift z. For a general spacetime metric, the propagation of ξ µ (Λ) along the light path is described by the geodesic deviation equation,
where R µ νρσ is the Riemann tensor. To determine an expression for ξ µ s it is useful to introduce the Jacobi map J µ ν (Λ) which relates the separation ξ µ (Λ) at some affine parameter Λ to the initial valuė ξ
A propagation equation for J µ ν can be obtained straight-forwardly from the geodesic deviation equation (3.2):
The derivativeξ µ o is used as an initial condition since the photon geodesics meet at the observer, i.e. ξ µ o = 0, whileξ µ o is non-zero and related to the observed angular separation as (see e.g. [27] )
Solving the propagation equation for J µ ν would provide us with an expression for ξ µ s . However, the vector ξ µ s connects two events on the global spacetime manifold described by the FLRW metric. Following the discussion in Section 2.2, we need to transform ξ µ s to a local Lorentz frame to quantify cosmological weak lensing effects. First, note that, with the choice of parametrization specified by the condition that the photon wavevector k µ = e µ a k a is equal to the tangent vector dx µ (Λ)/dΛ, the vectors ξ
o live in the 2-dimensional planes which are orthogonal to the photon wavevector and to the 4-velocity at the source and the observer, respectively (see e.g. [33] ). In particular, this means that ξ µ s connects two events which are simultaneous from the point of view of the comoving observer at the source position, i.e. in its local Lorentz frame the time component ξ t s vanishes,
Furthermore, the spatial vector ξ i s is orthogonal to the photon direction n i s , where k a s = ω s (1, −n i s ) in local Lorentz coordinates. Hence, the separation vector ξ a s = (0, ξ i s ) is in fact a 2-dimensional object, determined by the components
where Φ i I (Λ s ) = (θ i s , φ i s ) denotes two directions orthonormal to n i s . Analogously, the vectorξ a o in the observer's rest frame is determined by the componentṡ
Following these considerations, we want to define a 2 × 2-dimensional Jacobi map D I J (Λ) as a map between 2-dimensional vectors. For that, we first define the tetrad basis [e I ] µ (Λ o ), I = 1, 2, as the orthonormal tetrads which specify the 2-dimensional hypersurface orthogonal to the photon propagation direction and the 4-velocity at the observer. It is obtained by contracting the spatial tetrads e µ i (Λ o ) with the directions θ i and φ i :
This defines the tetrad basis [e I ] µ (Λ o ), I = 1, 2, uniquely up to the rotation Ω j o of the local frame which corresponds to a rotation of the orthonormal basis (n i , θ i , φ i ). Having specified these basis vectors in our local frame, we can set Ω j o = 0 as a gauge condition, but we choose to keep it in general. As we discuss in Section 3.5, only the relation of the rotation Ω at any other affine parameter Λ is obtained from its values at the observer position Λ o by parallel transport along the photon path:
The parallel-transported tetradsẽ .9), which specify the local frame of an observer with comoving velocity
ν describes the relation between the projected initial separationξ I o and the projected separationξ I at Λ, i.e.:
The quantityξ I s apparently differs from the physical separation ξ I s at the source. To obtainξ I s , the separation vector ξ s and ξ I s coincide, since the effect of the Lorentz boost is fully absorbed in the transformation of the observed photon direction n i s , and the quantities orthogonal to it remain unaffected [26, 34] , which is thoroughly proved in Appendix A. Therefore, we can rewrite equation (3.11) as:
Using the parallel-transported tetrads
to define the Jacobi map has two advantages over using the projected tetrads e µ i (Λ s )Φ i I (Λ s ) appearing in the definition of ξ I s given in equation (3.7) . First of all, the parallel transport property (3.10) enables us to rewrite the geodesic deviation equation (3.2) into the following propagation equation for D I J (Λ):
Secondly, the tetrad basis at the observer is only defined up to the spatial rotations Ω i o as we have mentioned above. Analogously, the projected tetrads e i µ (Λ s )Φ i I (Λ s ) are only defined up to the spatial rotations Ω i s . Parallel transport, however, uniquely defines the tetrad basis [e I ] µ (Λ s ) once the basis [e I ] µ (Λ o ) at the observer position is specified, i.e. it fixes the relation between Ω i s and Ω i o . Therefore, parallel transport is vitally important for an unambiguous and physically meaningful definition of the lensing rotation, as we will further discuss in Section 3.5. The term R I J , which describes how the Jacobi map changes along the photon path, can be decomposed into a trace R and a traceless symmetric component (E 1 , E 2 ):
Note that R I J has no anti-symmetric component, which follows immediately from its definition given in (3.13) and the fact that R µνρσ = R ρσµν . Furthermore, the Riemann tensor R µ νρσ can be decomposed as
where the Weyl tensor C µνρσ is the tracefree part of the Riemann tensor, i.e. summation over any two indices vanishes. Consequently, we can write the trace R as 16) and the traceless symmetric component as: 19) we can see that the standard formalism neglects the perturbations of the local tetrads, i.e. the separation vector defined in global coordinates is not transformed correctly into the local rest frame of the source. This inconsistency manifests itself in the appearance of gauge-dependent terms evaluated at the source position in the expression (2.23)-(2.26) for the lensing observables. Indeed, we will see that in the Jacobi mapping formalism these terms do not appear. From the relationsξ I o = −ω o ∆Φ I andξ I s =ā srz ∆Φ I , we infer that the relation between the Jacobi map D I J and the distortion matrixĎ I J is given by
Solving the evolution equation (3.13) for the Jacobi map would thus immediately provide us with an expression for the distortion matrix, and therefore for the convergence, shear and rotation. However, the evolution equation (3.13) is a system of second-order differential equations and thus difficult to solve. A further simplification of the Jacobi mapping formalism seems necessary, which can be achieved by expressing it in the conformally transformed metricĝ µν . The conformally transformed tetrads are defined as [ê I ] µ ≡ a[e I ] µ , andξ I is defined such that ξ µ =ξ I [ê I ] µ holds true, i.e.ξ I ≡ ξ I /a. The conformally transformed Jacobi mapD I J is then defined by:
As shown in [27] , the propagation equation forD I J is analogous to the one for D I J , 22) and the initial condition is given byξ I o = −(1 + ∆ν o ) ∆Φ I . Hence, the separation ξ I s at the source is related to the observed angular separation ∆Φ I and the Jacobi mapD I J as
Combined with the relationξ I s = −λ zās ∆Φ I for the background separation vector, we obtain the relationĎ
between the distortion matrixĎ I J and the conformally transformed Jacobi mapD I J . To solve the system of differential equations for the Jacobi mapD I J given in (3.22) , note that the termR I J vanishes in the background, since the conformally transformed metricĝ µν is equal to the flat Minkowski metric up to perturbations. Therefore, the n-th order solutionD I J (n) of the Jacobi map is subject to the differential equation 25) which can be solved by integrating twice provided that we already determined the solution of the Jacobi mapD I J up to the (n − 1)-th order and the expression forR I J up to the n-th order.
Linear order distortion matrix
In this subsection, we calculate the Jacobi mapD I J and hence the distortion matrixĎ I J up to linear order. All quantities in this subsection are calculated up to a term O(2), which we will omit in the subsequent equations. The general evolution equation (3.25) now takes the simple form:
By substituting the solution for the Jacobi mapD I J into the equation (3.24) we obtain the following expression for the distortion matrix:
From this equation and the fact thatR I J is fully symmetric, it is immediately evident that the antisymmetric componentω of the distortion matrixĎ I J is vanishing, which confirms the result of [17] . This might seem surprising to some readers, as it was believed that the vector and tensor modes would yield a non-vanishing linear order lensing rotation [35] . Therefore, the vanishing rotation deserves some more discussion, given in Section 3.5.
Being symmetric, the distortion matrix can be split into its trace and a tracefree symmetric matrix: 29) whereκ is given by
and the trace-free symmetric components (γ 1 ,γ 2 ) are given by
The first-order contributionκ to the trace, which is the counterpart to the convergence κ in the standard formalism, is determined by the traceR of the matrixR I J and thus by the Ricci tensorR µ ν , as seen from equation (3.16). As described e.g. in [17, 25, 27] ,κ is in fact equal to the distortion δD in the luminosity distance up to a negative sign,κ = −δD. The traceless symmetric components (γ 1 ,γ 2 ), which replace the shear components (γ 1 , γ 2 ) of the standard formalism, are sourced by the Weyl tensorĈ µ νρσ .
To obtain explicit expressions for the components of the distortion matrix in terms of metric perturbations, we first need to calculateR I J (λ) defined in equation (3.22) . Since our calculations are to linear order and the Riemann tensorR µ νρσ of the conformally transformed metric is vanishing in the background, we only need the background values of the tetrads and the photon wavevector. Hence,R I J (λ) is given bŷ
Now, we need to apply the expressions forR µ νρσ to obtain the result forR I J in terms of metric perturbations. The components of the distortion matrix are then calculated by performing the integration in the equations (3.30)- (3.32) . This lengthy procedure is described in detail in Appendix B. We will only state the results here.
Cosmic shear and distortion in the luminosity distance to first order
From the expressions for the diagonal componentsĎ 1 1 andĎ 2 2 given in equation (B.41), we can readily compute the shear componentγ 1 = (Ď 2 2 −Ď 1 1 )/2:
The expression for the off-diagonal elementsĎ 1 2 =Ď 2 1 of the distortion matrix is given in equation (B.64), and it is equal to the expression forγ 2 up to a negative sign, hence:
It is immediately evident that the expressions forγ 1 andγ 2 are gauge-invariant, as the gauge-dependent terms appearing in the equations (2.23) and (2.24) for the shear component γ 1 and γ 2 in the standard formalism are now absent, and all remaining terms are written fully in terms of the gauge-invariant metric perturbations. Considering only scalar modes in the Newtonian gauge, the standard formalism and the Jacobi mapping approach yield the same expressions for the shear components. However, the standard formalism does not correctly account for the effect of primordial gravitational waves, as the expressions forγ 1 andγ 2 contain a term in C αβ s which is absent in the expressions for γ 1 and γ 2 . Our results are fully compatible with the expressions for the shear components in [36] , where the presence of the term evaluated at the source position was first pointed out, and the recent results presented in [17] .
While solving the integral in equation (3.28) forĎ I J immediately yields gauge-invariant results forγ 1 andγ 2 , obtaining a gauge-invariant expression for the distortion in the luminosity distance δD = −κ is slightly more complicated due to the contributions of the perturbation quantities δz, ∆ν o and ∆λ o . In Appendix C, we solve the temporal part of the geodesic equation to relate the perturbation of the affine parameter ∆λ s to the distortion of the radial coordinate δr, and we combine these calculations with the expression (C.1) forκ resulting from the calculations ofĎ 1 1 andĎ 2 2 in Appendix B. We obtain:
where we have defined δr χ ≡ δr + n α G α s and δz χ ≡ δz + H s χ s . The source position x α s transforms as x α s → x α s + L α s under a gauge-transformation. Thus, δr transforms as δr → δr + n α L α s , which means that δr χ is a gauge-invariant quantity. Furthermore, δz χ is also gauge-invariant, since δz transforms as δz → δz + H s T s , which follows from the definition of δz given in equation (2. 
which coincides with the results of [18] and [17] .
Vanishing rotation in the Jacobi mapping formalism
In Section 3.3, we have seen that as a straight-forward consequence of the fact thatR I J is symmetric, the lensing rotationω is fully vanishing to linear order. In particular, the gauge-invariant vector and tensor contributions integrated along the line-of-sight appearing in equation (2.26) for the rotation ω in the standard formalism are now absent. These terms imply that the spatial separation vector ξ α defined in the global FLRW frame is rotated along the photon path. However, since there is no global observer the rotation within the global frame bears no physical meaning. The vanishing lensing rotationω = 0 in the Jacobi mapping formalism implies that the image is not rotated with respect to the parallel-transported tetrad basis, as we will discuss in more detail in the following.
First, note that the spatial rotations Ω j o which we left unspecified in equation (3.9) yield the following contributions to the spatial components [e I ] α (Λ o ) of the tetrads:
While the terms in Ω φ o and Ω θ o have a vanishing contribution to the initial separationξ I o since it is orthogonal to the observed photon direction, the terms in Ω n o contribute aṡ
Hence, the quantity Ω n o corresponds to a rotational degree of freedom ofξ I o within the plane orthogonal to the observed photon direction n i . Similarly, constructing the projected tetrads e i µ (Λ s )Φ I i (Λ s ) at the source position would yield a rotational degree of freedom of the separation vector ξ I s . Consequently, if we constructed the basis at the source position instead of parallel-transporting it from the observer position, the anti-symmetric component of the distortion matrix would depend on the choice of Ω i s and Ω i o , as can be seen in Section 5.1 of [17] where the term (Ω n s − Ω n o ) appears in the expression for the rotation.
In the Jacobi mapping approach, however, the rotation is fully vanishing without any degree of freedom corresponding to Ω i o or Ω i s , even though we have never explicitly specified any of these two quantities. This is a consequence of the fact that in this formalism, parallel transport uniquely defines the tetrads [e I ] µ (Λ s ) at the source position once the tetrads [e I ] µ (Λ o ) are fixed, i.e. it uniquely determines the relation between Ω i o and Ω i s . Indeed, the parallel transport property of the tetrads led to the propagation equation of the Jacobi map D I J which includes the definition of the symmetric matrix R I J . The fact that we obtain a fully symmetric distortion matrix D I J is thus a consequence of using the parallel-transported tetrads to describe the separation ξ I s at the source position. To define weak lensing quantities in a meaningful way, the size and shape of the source measured by an observer at affine parameter Λ o with respect to some observer basis should be compared to the size and shape measured by a (fictitious) observer at the source position Λ s with respect to the "same" observer basis. The notion of equality of (basis) vectors at different points of the spacetime manifold (such as the observer position and the source position at affine parameters Λ o and Λ s ) is defined by parallel transport. Hence, given a value of Ω i o , any choice of Ω i s which differs from the one determined by parallel transport would yield an unphysical rotation sourced by the mismatch of the tetrad bases.
We conclude that the antisymmetric component of the distortion matrix calculated in the Jacobi mapping approach is indeed the physically consistent result for the lensing rotation, i.e. it is, to linear order, fully vanishing for scalar, vector and tensor modes, which confirms the result of [17] . The advantage of the Jacobi mapping approach is that it naturally includes the parallel transport of the tetrad basis while in [17] it had to be explicitly calculated to correct the initially non-zero result.
From the non-zero contribution in the standard formalism of the vector and tensor modes integrated along the line-of-sight, it follows that the image is rotated with respect to global FLRW coordinates, but not with respect to the tetrad basis. The result of the Jacobi mapping formalism implies that the tetrad basis rotates in exactly the same way with respect to global coordinates while being parallel-transported along the light geodesic, resulting in a vanishing rotation of the image with respect to the tetrad basis. A similar argument was already stated in [35] , where it was claimed that the B-modes induced by the rotation of the polarization vector (which follows the parallel transport equation as the tetrad basis) in the polarization spectrum of the CMB cancel out the B-modes induced by the rotation of the image which leaves the polarization unchanged. However, we strongly emphasize that the rotation of the tetrads (equal to the rotation of the polarization vector) and the rotation of the image with respect to the global coordinates are not measurable since there is no global observer. Therefore, it is incorrect to interpret these two rotations as two distinct physical effects which cancel each other out. The rotation of the image following the geodesic deviation equation with respect to the tetrad basis propagating according to the parallel transport equation comprises only one physical effect which vanishes to linear order.
Conclusion
In this work, we have applied the Jacobi mapping approach to calculate the distortion in the luminosity distance δD, the cosmic shear componentsγ 1 andγ 2 , and the rotationω for all scalar, vector and tensor modes. Our results are written fully in terms of gauge-invariant perturbation quantities. With this explicit check of gauge-invariance, we have provided an important confirmation of accuracy for the Jacobi mapping approach, which was previously missing even though this method is already an established lensing formalism (see e.g. [25] [26] [27] [28] [29] [30] [31] [32] ).
With the Jacobi mapping approach, we obtained results for the lensing observables δD,γ 1 , γ 2 andω which are not compatible with the expressions for κ, γ 1 , γ 2 and ω in the standard weak lensing formalism reviewed in Section 2.3. The discrepancy between the distortion in the luminosity distance δD, an observable and gauge-invariant quantity, and the convergence κ, which is neither observable nor gauge-invariant, is already well known (see e.g. [17, 25, 28] ). However, for the cosmic shear and the rotation the disagreement between the Jacobi mapping formalism and the standard formalism is more surprising as the standard formalism was so far the most widely used method to compute these lensing observables. It was pointed out only recently in [17] that the results for γ 1 , γ 2 and ω obtained in the standard formalism are in fact gauge-dependent. Therefore, this method is unsuitable to describe the cosmic shear and the lensing rotation as these quantities are observable and consequently have to be gauge-invariant.
The difference between the Jacobi mapping approach and the standard formalism consists not only in the presence or absence of gauge-dependent terms, but is far more drastic. In fact, we showed that the lensing rotationω is completely vanishing to linear order for scalar, vector and tensor perturbations. The non-vanishing integral terms appearing in the expression for the rotation in the standard formalism describe the rotation of the image with respect to the global coordinates, which has no physical meaning as there is no global observer. The physical lensing rotationω, however, describes the rotation of the image with respect to the parallel-transported tetrads which represent the local frames of the observer and the source. As parallel transport is naturally included in the Jacobi mapping approach, no explicit calculations of parallel-transported quantities are needed. In particular, the linear-order resultω = 0 is obtained immediately without any further calculations. This simplicity of the Jacobi mapping formalism makes it a viable option for higher-order calculations of the distortion matrix, where the antisymmetric component is not vanishing.
We want to emphasize that with our thorough investigation of the Jacobi mapping approach, all of its assumptions are rigorously justified. In particular, we have shown that the discrepancy between the parallel-transported velocityũ µ s and the source velocity u µ s does not affect the lensing observables. We conclude thatω = 0 is not arising from inconsistencies within the Jacobi mapping formalism, but is indeed the correct result for the physical lensing rotation.
Furthermore, our calculations show that the standard formalism cannot be used to describe the contribution of primordial gravitational waves to the cosmic shear. The results from the Jacobi mapping approach yield an additional term in C αβ evaluated at the source position in the expressions for the shear componentsγ 1 andγ 2 . This additional contribution of tensor modes to the weak lensing observables should be carefully evaluated to avoid false conclusions from the data of upcoming highprecision observations. The effect of tensor modes on the shear power spectra, including the term evaluated at the source position, has already been computed in [37] and [32] . These works can be extended by computing the auto-and cross-correlation fuctions of the convergence and the shear components, including the contributions of the monopole and dipole which have been ignored so far.
The results presented in this paper perfectly complement the results of [17] . The method applied there is based on a different propagation equation. Here, we apply the Jacobi mapping approach based on the geodesic deviation equation, whereas the calculations in [17] are based on solving the geodesic equation for two infinitesimally light rays. The fact that these independent calculations yield coinciding results is, additionally to their gauge-invariance, a strong confirmation of the accuracy of both methods. We believe that if the additional relativistic effects in the lensing observables are taken into account, we can expect fascinating -and credible -results from upcoming high-precision lensing surveys.
A Discrepancy between the Source Velocity and the parallel-transported Observer Velocity
As mentioned in Section 3.1, the source velocity u µ s , which defines the local Lorentz frame of the source, differs in general from the velocityũ µ s , which is the velocity u µ o of the observer paralleltransported to the source position. Hence, the quantityξ I s defined in equation (3.11) , which lives in the local Lorentz frame of an observer with velocityũ µ s , apparently differs from the physical separation ξ I s defined in the local Lorentz frame of the source. However, we have claimed that the effect of the Lorentz boost, which relates these two local frames to each other, is fully absorbed in the transformation of the observed photon direction n i s , i.e. the quantity ξ I s =ξ I s is in fact invariant under a Lorentz boost. Here, we thoroughly prove this statement.
First, recall that ξ I s is defined as
where ξ i s = ξ µ s e i µ (Λ s ) is the spatial separation in the rest frame of the source, and Φ I i (Λ s ) = (θ i s , φ i s ) specifies two directions orthonormal to the photon direction n i s measured in this frame. The quantitỹ ξ I s , however, is given byξ
whereẽ i µ (Λ s ) denotes the spatial tetrads e i µ (Λ o ) at the observer position, but parallel-transported to the source position. The directionsΦ I i (Λ s ) = (θ i s ,φ i s ) specify the 2-dimensional plane orthogonal to the photon directionñ i s measured by an observer with velocityũ µ s . As the photon wavevector k µ , the velocityũ µ and the tetradẽ µ i are parallel-transported along the photon path, we have
This means that the observed photon directionñ i s determined bỹ
does not change along the photon path,ñ i s = n i . Consequently, the orthonormal directionsΦ . By applying a Lorentz boost, these quantities can be transformed to match the frequency ω s , the photon direction n i s and the physical separation ξ I s in the rest frame of the source. To prove that ξ I s =ξ I s , which assigns a physical meaning toξ I s , we need to determine how ξ i s and Φ I i (Λ s ) transform under a Lorentz boost Λ a b . For that, first note that the photon wavevector k a s = ω s (1, −n i s ) transforms ask a s = Λ a b k b s , and hence the observed photon direction n i s transforms asñ
As a next step, we study the transformation properties of quantities perpendicular to n i s , such as the orthonormal directions θ i s and φ i s . An arbitrary vector A a which is orthogonal to the photon wavevector, A a k a s = 0, can be decomposed as
After the Lorentz boost, the perpendicular componentÃ i ⊥ is given bỹ
By writing the spatial component as
Hence, the perpendicular component of the Lorentz boosted vectorÃ i is fully determined by the perpendicular component of A i . Another property which we need to show thatξ I s and ξ I s are equal is:
To prove this, note that the coordinate transformation of two inertial frames moving with constant velocity v i with respect to each other is given by the boost matrix Λ a b with components
is the unit vector in the direction of the boost. Hence, the components of the boost matrix fulfil the properties
Using these properties, one can show that
by applying the definition of (Λ ⊥ ) i k given in (A.8) and calculating all terms explicitly. This proves equation (A.9).
Having derived these general properties, we can now determine the relation betweenξ i s and ξ i s . According to the transformation property given in equation (A.8), the vectors θ i s and φ i s orthonormal to n i s transform into the vectorsθ i s = θ i andφ i s = φ i orthonormal toñ i s = n i as
Finally, equation (A.9) yields
which completes our proof that the physical separation ξ I s of the source is unaffected by a Lorentz boost. Therefore, the fact that the Jacobi mapping approach is based on the parallel transport of the tetrads, and hence of the velocity, does not lead to any inconsistencies.
B Calculations of the Distortion Matrix in the Jacobi Mapping Approach
In this section, we perform the calculations of the linear-order distortion matrixĎ I J which describes how an image is affected by cosmological weak lensing. We first calculate in Section B.1 the expressions for the conformally transformed Riemann tensorR µ νσρ . Then, we state in Section B.2 some useful relations in spherical coordinates which will be applied extensively in the subsequent sections. In Section B.3, we calculate the diagonal componentsĎ 1 1 anĎ 2 2 of the distortion matrix by first calculatingR 1 1 andR 2 2 from the expressions for the Riemann tensorR µ νσρ and then calculating the integral in equation (3.28) . Finally, in Section B.4, we perform these calculations for the off-diagonal componentsĎ 1 2 =Ď 2 1 .
B.1 Riemann tensor in the conformally transformed metric
For the calculation of the distortion matrixĎ I J , we need to know the components of the Riemann tensorR µ νσρ in the conformally transformed metricĝ µν . For that, first recall that the Christoffel symbolsΓ σ µν are related to the metric bŷ
which yieldŝ
2)
The Riemann tensorR µ νρσ is related to the Christoffel symbols bŷ
From this, we obtain that the Riemann tensor components which will appear in further calculations are given byR
The componentsR 0 α0β andR 0 αβγ are also non-vanishing, but will be of no importance for further calculations.
B.2 Useful relations in spherical coordinates
Here, we briefly review some basic properties of the spherical coordinates (r, θ, φ) which are vitally important for the calculation of the distortion matrix. First, recall that we have defined two directions θ α and φ α orthogonal to the observed photon direction n α in Section 2.3. These three vectors provide a basis of orthonormal unit vectors in spherical coordinates. The gradient can be written in terms of these vectors as 5) and the Laplacian operator can be written as
From the expression of the gradient, it follows that given any scalar function Y , we have
where we have defined∂ φ ≡ ∂ φ / sin θ for simplicity. Note that the operators ∂ θ and∂ φ are not commuting,∂ φ ∂ θ = ∂ θ∂φ . Furthermore, note that the non-vanishing derivatives of the unit vectors are given by
B.3 Diagonal components of the distortion matrix
Here we calculate the componentĎ 2 2 of the distortion matrix. The calculations ofĎ 1 1 are performed in a completely analogous way. First, recall thatR 2 2 is defined as:
We can now calculateR 2 2 by inserting the expressions for the components of the Riemann tensor given in Section B.1 and by applying the properties of the spherical coordinates given in (B.7) and (B.8). The first and third terms on the right-hand side of equation (B.9) are given bŷ
To calculate the second term 13) and that
Hence, we obtain for the second term on the right-hand side of equation (B.9):
By summing up the three different terms, we obtain the following expression for the componentR 2 2 of the distortion matrix:
where we simplified the expression by using that
However, since we are concerned with the gauge transformation properties of the weak lensing observables, this expression forR 2 2 in terms of A, B α and C αβ is impractical. Instead, we want to express it using the gauge-invariant quantities defined in equation (2.5) . For this, we first rewrite it in terms of the scalar, vector and tensor perturbations defined in equation (2.2) .
First, consider the contribution of scalar perturbation α, β, ϕ and γ to the quantityR 2 2 . By inserting B α = β ,α + B α into (B.16), we obtain for the terms in β:
Using that
and that 20) we can rewrite equation (B.18) into
By inserting C αβ = δ αβ ϕ + γ ,αβ + C (α,β) + C αβ into equation (B.16), we obtain for the terms in γ:
To simplify the first term of this expression, we use that
For the third term, we use thať 24) and, hence,
By applying the relations given in equations (B.23) and (B.25) and also noting that
we can show that equation (B.22) is equivalent to
The expressions for the terms in α and ϕ follow straight-forwardly from the expressions forR 2 2 . We obtain for the scalar terms inR 2 2 :
Using the gauge-invariant variables defined in equation (2.5), we can rewrite this as
Note that there is a gauge-dependent term, d 2 /dλ 2 (Hχ), appearing in the expressions forR 1 1 andR 2 2 . This term vanishes in the conformally transformed metricĝ µν where H = 0, but not in the full metric g µν . Note that we introduced the conformally transformed metric to simplify the calculations along the photon geodesic, not because the physics would be invariant under the conformal transformation. Omitting the term d 2 /dλ 2 (Hχ) would thus lead to an incorrect and gauge-dependent result for the trace ofĎ I J as the physics described by the full metric g µν is not correctly accounted for. Now, we need to calculate the first-order distortion matrix which, as stated in equation (3.27) , is given by: With the same techniques as in the calculation ofR 2 2 , we will now compute the four different terms. To abbreviate the lengthy expressions in this section, we introduce the differential operator which, up to a negative sign, is equal to the expression (3.35) for the shear componentγ 2 .
C Gauge-Invariant Expression for the Distortion in the Luminosity Distance Equation (B.41) forĎ 1 1 andĎ 2 2 yields, combined with the equation (3.30) for δD = −κ, the following expression forκ:
Due to the contributions of the perturbation quantities δz, ∆ν o and ∆λ s , the gauge-transformation property of this expression is not immediately evident. To deal with these terms, we relate the distortion ∆λ s of the affine parameter to the distortion δr of the radial coordinate. First, note that integrating the spatial part of the equation dx α /dλ =k α yields The quantity δΓ 0 ≡Γ 0 µνk µkν can be calculated using the expressions for the Christoffel symbols given in Appendix B, which yields
